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We study the scalar and tensor perturbations generated by the fragmentation of the inflaton
condensate into oscillons or transients after inflation, using nonlinear classical lattice simulations.
Without including the backreaction of metric perturbations, we find that the magnitude of scalar
metric perturbations never exceeds a few ×10−3, whereas the maximal strength of the gravitational
wave signal today is O(10−9) for standard post-inflationary expansion histories. We provide param-
eter scalings for the α-attractor models of inflation, which can be easily applied to other models.
We also discuss the likelihood of primordial black hole formation, as well as conditions under which
the gravitational wave signal can be at observationally interesting frequencies and amplitudes.
Finally, we provide an upper bound on the frequency of the peak of the gravitational wave signal,
which applies to all preheating scenarios.
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I. INTRODUCTION
Measurements of the CMB anisotropies [1–6] have
ruled out to a high statistical significance single-field
inflation driven by a monomial inflaton potential [7–
11]. A broad class of inflaton potentials which fit
the observational constraints, feature a power-law
minimum and a plateau-like region away from it,
where slow-roll inflation is realised, see Fig. 1.
Such potential profiles can have important con-
sequences for reheating – the period after inflation
where the energy of the inflaton is transferred to
the Standard Model degrees of freedom, the universe
thermalizes and becomes radiation dominated, set-
ting the scene for BBN (for reviews on reheating,
see [12–16]). The nonlinear effects related to the
shape of the inflaton potential are most prominent
when the couplings of the inflaton to other fields are
suppressed with respect to its own self-interactions,
V (φ), during the initial oscillatory stage of reheat-
ing, see Fig. 1. In this case the parametric res-
onance coming from the inflaton condensate oscil-
lations leads to the exponential amplification of its
own fluctuations (called self-resonance), as opposed
to the standard reheating scenarios where the am-
plification of daughter fields is assumed [17–21].
The nonlinear dynamics following efficient self-
resonance and the backreaction of inflaton fluctu-
ations can be quite rich in potentials which flatten
away from the minimum. If the minimum of the po-
tential is quadratic, long-lived pseudo-solitonic ob-
jects called oscillons [22–27] are produced in abun-
dance [28–31]. In this case, we get a matter dom-
inated equation of state for the universe following
inflation. For a power-law (but non-quadratic) min-
imum in the potential, short-lived pseudo-solitonic
objects called transients are produced, followed by a
transition to a radiation dominated state of expan-
sion [32, 33].
This work can be considered as a follow-up to [32,
33], where we studied the details of self-resonance
and nonlinear inflaton dynamics, and its implica-
tions for the post-inflationary expansion history of
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the universe. Here we focus on the gravitational ef-
fects of the nonlinear field dynamics. We concen-
trate on the cases where oscillons or transients are
copiously produced. In this regime, the plateau as
well as the central minimum of V (φ) are relevant for
the field dynamics.
If only the power-law region around the central
minimum is probed by the inflaton after inflation,
pseudo-solitonic objects do not form copiously. In
this case the oscillating condensate can still be de-
stroyed slowly due to its self-interactions [32–36] or
its own gravity [37], sourcing metric perturbations
as shown in [38] and [37], respectively. We do not
consider this regime here.
In the wake of the exciting aLIGO-Virgo detection
of the black-hole binary mergers [39] and their impli-
cations for primordial black holes (PBHs) abundance
as well as their contribution to dark matter [40, 41],
it is natural to ask if oscillons or transients can seed
such PBHs. A recent study invoking statistical argu-
ments [42] argued that the inevitable longterm grav-
itational collapse of an accidentally overdense clus-
ter of oscillons can lead to the formation of PBHs.
But can individual oscillons or transients generate
sufficiently strong gravitational fields to trigger the
collapse of individual objects and the formation of
PBHs? We address this question by studying the
scalar metric perturbations sourced by oscillons and
transients in a cosmological setting at the end of
inflation. We employ classical lattice simulations
which capture the nonlinear evolution of the inflaton
field, but ignore the backreaction of metric pertur-
bations on the field dynamics (which is justified by
the small gravitational fields we find, and the few
e-folds of evolution that we consider).
We note that the formation of light PBHs through
oscillon collisions [43–46] and their evaporation
through Hawking radiation can provide additional
constraints on reheating or another channel for it
[47]. The consequences of the fragmentation of the
inflaton condensate for PBHs formation after infla-
tion have been investigated in the context of inter-
acting theories [48–53] and in some self-interacting
models [42, 54], but never for oscillons and transients
with lattice simulations.
The formation of oscillons after inflation is also
known to source gravitational wave (GW) back-
grounds [55–61]. In this work we compare and con-
trast the GWs sourced by oscillons and transients
and provide some simple generic scalings for the fre-
quency and the energy of the maximally excited ten-
sor modes, which could be used by future experi-
ments (for reviews on stochastic GW backgrounds
from reheating and future probes see, e.g., [62–72]).
Inflaton dynamics
FIG. 1. The generic shape of the inflaton potential,
V (φ). During inflation the inflaton rolls slowly along one
of the plateaus, |φ| > M , towards the minimum. Infla-
tion ends when the inflaton enters the central power-law
region and begins to oscillate about the bottom of V (φ).
We also provide a generic upper bound on the fre-
quency of the GW peak, which applies to all preheat-
ing models, including both perturbative and non-
perturbative particle production, nonlinear dynam-
ics of the inflaton and/or spectator fields.
The paper is organized as follows. In Section II
we establish notation, present the fiducial model and
review resonant particle production and the subse-
quent nonlinear dynamics of a self-interacting infla-
ton after inflation. Our analytical predictions and
lattice calculations for the sourced metric perturba-
tions by the oscillons and the transients are given in
Section III. In Section IV, we present the analytic es-
timates and numerical results for gravitational waves
sourced by the nonlinear dynamics. We discuss the
likelihood of PBHs formation and the detection of
GWs from oscillons and transients in Section V and
give our concluding remarks in Section VI.
II. SELF-RESONANCE AFTER INFLATION
The inflationary model we consider is specified by
the action
S =
∫
d4x
√−g
[
−m
2
Pl
2
R+ ∂µφ∂
µφ
2
− V (φ)
]
.
(1)
The focus of this paper is on the gravitational ef-
fects of nonlinear inhomogeneites of the scalar field
which are in turn generated by self-interaction terms
in V (φ). Hence, we ignore the couplings to other
fields for this paper.
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We work in a perturbed Friedmann-Robertson-
Walker spacetime. In the Newtonian gauge, the line
element is given by
ds2 = a2(τ)
[
(1 + 2Φ)dτ2 − (1− 2Φ)δijdxidxj
]
+ a2(τ)hijdx
idxj .
(2)
Since we consider a single-field model of inflation,
we keep only one scalar metric perturbation, Φ, and
neglect the vector ones. We also assume that the
anisotropic stress is negligible, which is not true in
the nonlinear regime, but we will argue that this as-
sumption will not affect our conclusions. The trans-
verse traceless 3-tensor perturbation, hij , describes
the GWs.
A. Inflaton potentials
We concentrate on observationally-consistent
V (φ) [1–6]. Their salient features are a power-law
dependence near the central minimum, ∝ |φ|2n, for
|φ| < M , and a flattening away from it, see Fig. 1.
To be in agreement with CMB constraints, slow-roll
inflation is realized in the flat regions. For concrete-
ness, we consider
V (φ) = Λ4 tanh2n
( |φ|
M
)
. (3)
This parametrization belongs to the α-attractor T-
models [73–84], with M =
√
6αmPl. The observa-
tional bounds on r require M < 10mPl. For greater
values of M slow-roll inflation continues as the infla-
ton leaves the plateau and enters the central power-
law region, generating unacceptably large r. In the
following, we consider only sufficiently small M , for
which inflation ends soon after the inflaton exits the
flat region. As far as the other parameters are con-
cerned, n is free and
Λ4 =
3pi2As
N2?
M2m2Pl , (4)
where the measured amplitude of the curvature
power spectrum is As ≈ 2.2 × 10−9 [1, 5] and the
co-moving pivot scale leaves the horizon N? = 60 e-
folds of expansion before the end of inflation. For the
M range we are interested in, the tensor-to-scalar
ratio is
r =
2
N2?
M2
m2Pl
, (5)
manifesting the attractor nature of this class of mod-
els – upon decreasing M , r is attracted to low
values. We also define an effective mass squared,
m2 ≡ lim
φ/M→0
φ−1∂φV , as
m2 = 2nΛ2
(
Λ
M
)2(
φ
M
)2(n−1)
. (6)
It determines the effective frequency of the con-
densate oscillations immediately after inflation, de-
scribed in the following section.
B. Resonant particle production
The end of slow-roll inflation is followed by an os-
cillatory phase, during which the inflaton condensate
oscillates about the central power-law minimum of
its potential, see Fig. 1. The periodic evolution and
the nonlinearities in V (φ) can lead to resonant am-
plification of the small perturbations in φ [32, 33].
Depending on the value of the scale M , there are
two distinct instability regimes.
1. Broad resonance
For M  mPl, the amplitude of the inflaton os-
cillations decays very slowly due to the expansion
of the universe,12 over many oscillatory time scales.
The condensate periodically probes the transition
region near |φ| ∼ M . This leads to a strong in-
stability in a broad wavelength range of sub-horizon
inflaton perturbations. Within less than an e-fold of
expansion, their exponential growth, known as broad
resonance, makes mode-mode couplings, as well as
backreaction on the condensate, non-negligible.
2. Narrow resonance
When M ∼ mPl, the initial Hubble-induced de-
cay rate of the amplitude of condensate oscillations
is comparable to the oscillation frequency. The in-
flaton is redshifted very quickly towards the bottom
of its potential, |φ|  M , where the condensate os-
cillations become lightly damped. There is no time
for broad resonance to be established. However, for
n > 1, the small amplitude oscillations at late times
1 The decay rate is comparable to H.
2 For a recent study of the instability regime, inlcuding the
effects from the expansion of the universe, see Ref. [85]
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are in an intrisically nonlinear region, V (φ) ∝ |φ|2n.
They lead to a slow, but steady growth of a narrow
wavelength range of sub-horizon inflaton perturba-
tions. This narrow resonance develops over several
e-folds of expansion, eventually leading to substan-
tial backreaction effects. If n = 1, no resonant in-
stabilities are present at all. 3
C. Nonlinear dynamics
Shortly after the unstable φ perturbations back-
react on the condensate, nonlinear dynamics ensues
[32, 33]. It can be divided into three different types,
depending on the kind of the preceding resonant in-
stabilities (see Section II B), as well as the value of
the power n.
1. Oscillons
The backreaction after broad resonance about
a quadratic minimum, i.e., when M  mPl and
n = 1, leads to the formation of oscillons. They are
quasi-stable and quasi-spherical, highly overdense
field configurations, with typical density contrast
δ ≡ ρ/ρ¯ ≥ O(10). Within the objects, φ has an
approximately spherically symmetric profile, oscil-
lating at an angular frequency close to (but slightly
smaller than) the effective mass, m. Their typical
physical size, R ∼ 10m−1, is much smaller than the
horizon scale. They can survive for at least mil-
lions of oscillations [86, 87], which can be equivalent
to O(10) e-folds of expansion. Since the φ oscillons
dominate the energy budget and behave as pressure-
less dust, they can lead to a long period of matter-
dominated state of expansion with an effective equa-
tion of state w ≈ 0.
2. Transients
WhenM  mPl, but n > 1, the backreaction after
the broad resonance leads to the formation of objects
which resemble oscillons, but are much less stable.
We refer to these highly nonlinear, but ephemeral
lumps of energy density as transients [32, 33]. Their
3 If we take into account the gravitational self-interactions of
an inflaton condensate, oscillating about a quadratic mini-
mum, fragmention does eventually occur [37], but its typi-
cal time scale is much longer than the oscillation time-scale.
properties are very similar to those of oscillons if
one uses m = m(φ = M) as the transients effec-
tive mass. The only difference is that they survive
for tens of oscillations only, which is  O(1) e-folds
of expansion in contrast to the much longer lifetime
of oscillons. After their decay, φ enters into a rel-
ativistic turbulent regime, see Section II C 3, with
w ≈ 1/3.
3. Turbulent inflaton
The backreaction following narrow resonance, oc-
curing for M ∼ mPl and n > 1, does not lead to
the formation of non-trivial field configurations like
oscillons or transients. But still, the inflaton en-
ters a highly inhomogeneous state, which can persist
for many e-folds of expansion. It involves a frag-
mented density configuration on very small scales,
with a continuous slow fragmentation to even shorter
scales. The latter can be interpreted as a slow mo-
mentum upscatter due to the weak nonlinear self-
interactions. The kinetic and gradient energies are
approximately equal to each other and much greater
than the self-interaction energy, yielding w ≈ 1/3.4
We note that this inhomogeneous state of φ is also
observed after the decay of the transients for M 
mPl and n > 1 [32, 33]. The one-point PDF of the
density contrast, δ, fits well a lognormal distribution,
see Section III B 2, which is a compelling indication
for scalar field turbulence [14, 35, 36, 89]. On the
other hand, when n = 1, φ does not evolve into this
state (due to V (φ)) since it either forms long-lived
oscillons (for M  mPl) or remains approximately
homogeneous (for M ∼ mPl).
III. SCALAR GRAVITATIONAL
PERTURBATIONS
The post-inflationary resonant production of in-
flaton particles, caused by the nonlinear self-
interactions of the inflaton field, can lead to the
emergence of oscillons and transients as described in
the previous section. In this section: (A) We provide
analytic estimates for the Newtonian potential, Φ,
induced by the formation of such post-inflationary
oscillons and transients. (B) We carry out detailed
lattice simulations of the nonlinear field dynamics,
4 This behavior appears to persist when couplings to addi-
tional light fields are introduced [88].
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calculate Φ from the simulations, and compare our
analytic predictions with the results from these sim-
ulations.
A. Analytic estimates
1. Linear regime
When the inflaton field starts oscillating coher-
ently at the end of inflation, one can work to first or-
der in field perturbations. The inflaton can be split
into a time-dependent background component and
space-dependent perturbations, φ(x, τ) = φ¯(τ) +
δφ(x, τ). The generalized Poisson equation, follow-
ing from a combination of the linearized Einstein
equations [13], determines the evolution of the (non-
dynamical) scalar metric perturbation, Φ, see eq.
(2):
∇2Φ
a2
=
δρm
2m2Pl
, (7)
where δρm = δρ− 3Hφ¯′δφ/a2 is the co-moving den-
sity perturbation, δρ = δT 00 = φ¯
′δφ′/a2 + ∂φ¯V¯ δφ is
the inflaton density perturbation and ′ ≡ ∂τ . Since
the condensate oscillations are lightly damped, on
average 3H|φ¯′|  a2∂φ¯V¯ . Similarly, on sub-horizon
scales 3H|δφ|  |δφ′|. Hence, to a good approxima-
tion, for k  H,
Φ˜k ≈ −3
2
(H
k
)2
δρ˜k
ρ¯
. (8)
Since the resonant instabilities occur on sub-horizon
scales, i.e., δρ˜k/ρ¯ grows for k  H, the scalar
metric perturbation can grow, but remains small,
Φ  1, due to the H/k suppression factor in eq.
(8).5 Therefore, while the inflaton condensate os-
cillates and we are in the linear regime for density
perturbations, δρ/ρ¯  1, the growth in Φ induced
by resonant instabilities does not lead to the break-
down of linear perturbation theory.
2. Nonlinear regime
The resonant growth in δφ eventually leads to the
breakdown of linear perturbation theory, δρ/ρ¯ ∼ 1.
5 On super-horizon scales, k H, Weinberg’s adiabatic the-
orem forbids the growth of the Newtonian potential [90] in
our single-field model. For a recent numerical study of the
evolution of the curvature perturbation during preheating
in multi-field models, see Ref. [91].
Backreaction comes from sub-horizon inflaton per-
turbations. The universe remains homogeneous and
isotropic on super-horizon scales, whereas on sub-
Hubble scales it becomes highly nonlinear. To esti-
mate whether the self-gravity of sub-horizon nonlin-
ear overdensities is important, we estimate the linear
scalar metric perturbation they source in the homo-
geneous and isotropic spacetime, see eq. (2). To this
end we consider a Poisson-like equation
∇2Φnl
a2
=
ρ(x)− ρ¯
2m2Pl
, (9)
where the ‘nl’ superscript reminds us that the
gravitational sources are nonlinear. We ignore
any possible general relativistic corrections, which
normally is a good approximation on sub-horizon
scales. Anisotropic nonlinear stresses, which lead
to the distinction between two independent scalar
metric perturbations (one of which is governed
by eq. (9)), are also not considered. Since the
anisotropic stresses are comparable to ρ, we believe
that Φnl is sufficient for an order-of-magnitude
estimate of the importance of the self-gravity of
nonlinear sub-horizon structures.
3. Oscillons & Transients
Oscillons: To roughly estimate the scalar metric
perturbations sourced by oscillons, we consider an
individual object of mass M and radius R. Up to a
constant, the Newtonian potential on the surface of
a single oscillon is
|Φnl| ∼ M/(8pim2PlR) ∼ ρcR2/(6m2Pl) ∼ H2brR2 ,
(10)
where ρc is the core energy density and factors of or-
der unity have been ignored. The last scaling needs
an explanation. Oscillons formed as a consequence
of self-resonance have φc ∼ φ¯br, where φ¯br is the
amplitude of the oscillating inflaton at the time of
backreaction (or fragmentation). Hence, ρc ∼ ρ¯br
and Φnl ∼ H2brR2. In this very rough estimate,
horizon size objects can become strongly gravitat-
ing. However, the typical scale of inhomogeneities
at the time of backreaction tends to be much smaller
than the Hubble horizon. The maximally resonant
lengthscale k−1phys ∼ Rres/(2pi) ∼ fewm−1, which
we can take as an upper bound on the oscillon ra-
dius, i.e., R ∼ 10m−1. At the time of backreaction,
5
H2br ∼ m2φ¯2br/(6m2Pl). Putting these together
|Φnl| ∼ 10×
(
M
mPl
)2
. (11)
Since we require M  mPl for efficient resonance, it
is unlikely for oscillons to have Φnl ∼> 1 and collapse
due to their own gravitational field.
Besides the Newtonian potential, it is also useful
to consider the gravitational field on the surface of
the oscillons:
g ≡ |∇Φnl|/a
∼ Φnl/R ∼ 10(M/mPl)2/R .
(12)
Transients: Similar considerations apply to tran-
sients, with m = m(φ = M). In particular, the
predictions for the Newtonian potential and acceler-
ation on the surface of a single object given in eq.
(11) and eq. (12), respectively, still hold.
B. Results from lattice simulations
We calculate the nonlinearly sourced scalar met-
ric perturbation, Φnl in eq. (9), by modifying Lat-
ticeEasy [92]. The inflaton field and the scale factor
are evolved according to the prescription from the
default version of LatticeEasy (with gravity only at
the background level). The Newtonian potential is
then calculated from the energy density of the fields
using our own Poisson equation solver (described in
Appendix A). For our simulations, we consider pa-
rameter sets used in our previous studies [32, 33] and
repeat the same convergence tests.
1. Oscillons
In Fig. 2, we show histograms of the energy
density, the Newtonian potential and the magni-
tude of the gravitational field across the box for
M ≈ 0.775× 10−2mPl at 0.16, 0.50 and 1.00 e-folds
after the end of inflation. The first row represents
the moment when backreaction effects become im-
portant. The second one shows the beginning of os-
cillon formation and the third row shows the settled
oscillon configuration.
The histograms were generated after finding the
greatest and the smallest values of the quantity of
interest. Afterwards the interval was split into 200
(100) linear (logarithmic) bins for the Newtonian po-
tential (the energy density and g). The heights of the
bins are normalized, i.e.,
∑
bins
P = 1.
As we discuss below, the numerical solution to eq.
(9) using data from our lattice simulations confirms
the estimates from Section III A 2.
Energy density:
The evolution of the energy density (first column
in Fig. 2) contains valuable information. In the
top two panels of the first column, one can see the
gradual formation of a high density plateau, which
becomes very prominent in the bottom-most panel.
This plateau in the histogram represents points lying
within oscillons. Oscillon cores are highly overdense
– the maximal density seen in the second from the
top panel is at ρmax ≈ 60× ρ¯, whereas in the bottom
panel ρmax ≈ 200 × ρ¯. Note that this increase in
the oscillon overdensity is expected since the average
energy density in the box redshifts as ρ¯ ∝ a−3, while
the energy density inside oscillons is constant (i.e.,
does not redshift).
In the energy density histograms one can also see
the formation of a well-defined low-density peak,
centered near the mean density, ρ¯. Unlike the
high-density plateau, once formed it does not evolve
with time. Most of it represents the underdense
regions, lying outside the oscillons. It implies that
oscillons, albeit dominant in energy, are subdomi-
nant in volume. The symmetry of this low density
peak points towards a lognormal distribution of the
energy density in the underdense regions which is a
tantalizing hint for relativistic turbulence. Indeed,
in the Transients subsection to follow, we show the
development and persistency of a similar peak and
its lognormality for transients.
Newtonian Potential:
The second column in Fig. 2 shows the evolution of
the Newtonian potential. Our naive estimate for the
gravitational potential inside oscillons in eq. (11)
(represented by a vertical dashed line in the sec-
ond column panels) describes the typical value cal-
culated from the simulation reasonably well (up to
order unity).
The skewness of the Newtonian potential his-
tograms is due to oscillons. Since oscillons represent
highly overdense regions giving rise to gravitational
attraction, we see greater departures of Φnl from 0
in the negative direction. Note that we have put
Φ¯nl = 0 in the simulation box. The small decrease
in the greatest departure from 0 between the second
and third panels is because the oscillons in the
second panel are slightly bigger and decay into
smaller ones which form the stabilized configuration
in the third panel.
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FIG. 2. Formation of oscillons after inflation and their persistence. In each row we show the histograms of the energy
density, ρ, Newtonian potential, Φ, and the gravitational acceleration, g, across the simulation box at ∆N e-folds
after the end of inflation (in each column, later times are at the bottom). The orange contours, in the snapshots of
the simulation box in the last column, are drawn around regions of overdensity ≥ 5. This is for the T-model with
n = 1, M =
√
6αmPl, α = 10
−5. The vertical dashed line is at gR = −Φ = 10(M/mPl)2 – the approximate prediction
for the Newtonian potential on the oscillon surface of radius R. Since oscillons are spherical, localized objects, g
should be maximal near their surfaces. It agrees with the observed maximal value of g within the simulation box.
Gravitational field:
In the third column of Fig. 2, we show the evolution
of histograms of the gravitational field (equivalently,
acceleration). If the oscillons had a uniform spheri-
cally symmetric density up to radius R, then g ∝ r
for r < R and g ∝ r−2 for r > R, where r is the
distance from the oscillon core. Hence, the maximal
g will be on the surface of the oscillons. Our oscil-
lons do not have an exactly uniform density, but we
still expect that the maximal g in the histograms
will come from regions close to the oscillon surfaces.
This maximal value was estimated in eq. (12) and is
represented by a vertical dashed line; it again agrees
with the values from the numerical simulations.
Let us re-iterate the main takeaway from this sub-
section. Since oscillons do not form efficiently for
M & 10−2mPl, the gravitational potential on the
surfaces of individual objects is bound to be
|Φnl| ∼ 10×
(
M
mPl
)2
. 10−3 . (13)
Oscillons do not gravitate strongly, justifying the
linear treatment of metric perturbations. Neverthe-
less, it will be interesting to study the stability of
these individual objects and their clustering when
7
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FIG. 3. Transients formation and decay. The notation and parameters are the same as in Fig. 2, besides n = 2.
the backreaction from gravity is included. Gravita-
tional clustering could lead to collisions as well as
collapse of overdense oscillon clusters and perhaps
formation of PBHs [42–45], see Section V A for fur-
ther discussion.
2. Transients
We have also analysed the scalar metric perturba-
tions created by the transients, see Fig. 3. The data
is for n = 2, M ≈ 0.775 × 10−2mPl, extracted at
0.16, 0.42 and 0.85 e-folds after the end of inflation.
The first row shows the moment when backreaction
becomes significant. The second row depicts a rel-
atively stable transient configuration and the third
row shows the simulation box after the transients
have disappeared.
During the formation of the transients and their
stabilization (first and second row) we arrive at qual-
itatively similar results to oscillons. We again ob-
serve the formation of a high-density plateau region
and a broad low-density peak centered near ρ¯, a
skewed Newtonian potential distribution and maxi-
mal |Φnl| and g in agreement with our expectations
and similar to the oscillon case, see eq. (13).
After the transients decay away (third row) we ob-
serve a very simple picture. The inflaton dynamics is
dominated by the potential minimum, i.e., the evolu-
tion should be similar to the pure λφ4 case studied in
[34–36]. We find that the energy density histogram
becomes quite symmetric. The high-density plateau
disappears, whereas the broad peak centered near
the mean remains. It can be fitted well with a log-
normal curve, see Fig. 4. There we fit the data from
8
FIG. 4. The energy density distribution for n = 2, M ≈
0.775 × 10−2mPl, after the transients decay. The black
curve and the orange-shaded area underneath represent
a fit, see eq. 14, to the simulation data (red points).
the first panel in the third row in Fig. 3 with
P (ρ) = P(ρ)∆ ln ρ ,
P(ρ) = 1√
2piσ
exp
[
− (ln[ρ/(3H
2m2Pl)]− µ)2
2σ2
]
,
(14)
where ∆ ln ρ is the width of the logarithmic bin. We
also put µ = −σ2/2, so that the expectation value
of ρ is equal to the measured mean. This leaves
only σ as a free parameter and after fitting we find
σ ≈ 0.77. It is remarkable that a one-parameter
fit describes the data so well. The lognormality is a
tantalizing hint for relativistic turbulence as pointed
out in [14, 89].
The Newtonian potential also becomes symmetric
about 0 after the transients decay (see the second
panel in the third row in Fig. 3). This reflects the
symmetric distribution of underdensities and over-
densities about the mean. Note that the maximal
departure from 0 now is only |Φnl| ≈ 5×10−4 which
is an order of magnitude smaller than when tran-
sients (or oscillons) are present. The gravitational
field, g, also decreases accordingly.
IV. GRAVITATIONAL WAVES
The nonlinear, inhomogeneous field dynamics at
the end of inflation sources gravitational waves. We
first provide analytic estimates for the expected
gravitational wave frequency and energy density
from linear and nonlinear field dynamics. We com-
pare these estimates with lattice simulations which
compute the field dynamics and the gravitational
wave production numerically.
A. Analytic estimates
1. Linear regime
In the early post-inflationary stages, while the os-
cillating inflaton condensate is still intact, the scalar-
vector-tensor decomposition applies. The linear ten-
sor metric perturbations, hij , evolve freely. There
are no constraint equations for them and they rep-
resent the two dynamical gravitational degrees of
freedom. To linear order in metric perturbations,
hij is also gauge invariant, and is governed by the
source-free linear equation of motion
h′′ij + 2Hh′ij −∇2hij = 0 . (15)
Just like during inflation, sub-horizon Fourier
modes, k  H, are oscillatory, with a decaying am-
plitude scaling inversely with the scale factor, ∝ a−1,
whereas for super-horizon modes, k  H, there is
a constant (and a decaying) solution in accordance
with Weinberg’s adiabatic theorem [90]. These GWs
have a purely quantum origin.
Earlier on, during inflation, co-moving modes ly-
ing deep within the Hubble sphere, started out
in the Bunch-Davies vacuum, ∝ e−ikτ/(a√k).
Those which were stretched to super-Hubble scales
froze (attaining a scale-invariant power spectrum),
whereas those which did not cross out, remained in
their vacuum state.
Later on, during the oscillatory stage, the frozen
modes remain constant until re-entry inside the hori-
zon, where they start decaying and oscillating again
(being in a non-vacuum state). Those in the Bunch-
Davies vacuum remain in it. These modes are con-
sidered unphysical in the sense that their contribu-
tion to the energy budget of the universe is ignored.
Otherwise, we enter the realm of the Cosmological
Constant Problem.
2. Nonlinear regime
The fragmentation of the inflaton condensate due
to resonant particle production can lead to the
generation of a stochastic gravitational wave back-
ground [38, 62–68]. The linear tensor metric pertur-
bations are sourced by the nonlinear inflaton config-
urations
h′′ij + 2Hh′ij −∇2hij =
2
m2Pl
ΠTTij , (16)
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where the source term is the transverse traceless part
of the anisotropic stress tensor
ΠTTij = (∂iφ∂jφ)
TT
. (17)
Note that unlike the gravitational waves from
inflation, the GWs from the nonlinear stage have a
classical origin. They are sourced by the classical
evolution of inhomogeneities on sub-horizon scales.
These GWs are the particular solution of the inho-
mogeneous equation of motion, eq. (16), whereas
the inflationary GWs are the complementary so-
lution of the homogeneous part, eq. (15). In this
work we focus on the GWs from the nonlinear stage.
As we will see, their power spectrum is strongly
peaked around a single frequency, determined by
the fragmentation lengthscale. This fragmentation
lengthscale corresponds to the wavelength of in-
flaton perturbations modes (typically sub-horizon)
which first went nonlinear.
Frequency of GWs:
Let us start with a quick derivation of the frequency
observed today of a GW signal with a co-moving
wavenumber k, generated when the scale factor is
ag. The frequency (in Hz) can be written as
f0 =
1
2pi
k
a0
=
1
2pi
k
agρ¯
1/4
g
(
ρ¯g
ρ¯th
)1/4
ag
ath
ath
a0
ρ¯
1/4
th ,
(18)
where ath and ρth are the scalefactor and energy
density of the universe when the dominant compo-
nents of the energy density are thermalized. We de-
fine a mean equation of state ρ¯a3(1+w) = const for
ag < a < ath and recall that entropy conservation
for a > ath implies
ρ
1/4
th ath
ρ
1/4
rel,0a0
=
(
gth
g0
)−1/12
, (19)
where ρ¯rel,0 is the energy stored in relativistic de-
grees of freedom today. gth and g0 are the relativis-
tic degrees of freedom at ath and today, respectively.
All of this yields the well-known result [63, 65]
f0 =
1
2pi
k
agρ¯
1/4
g
(
ag
ath
)(1−3w)/4(
gth
g0
)−1/12
× (3Ωrel,0)1/4
√
mPlH0 .
(20)
It can be further simplified, by substituting for the
known parameters Ωrel,0 = 4.3 × 10−5h−2100, h100 =
0.67 [5] and making the mild assumptions that gth =
102 and ag ≈ ath, to
f0 =
k
ag
1
ρ¯
1/4
g
× 4× 1010 Hz . (21)
Frequency upper bound:
We note that the frequency of the peak of the GW
power spectrum, f0,max, has an upper bound. The
peak is determined by the co-moving wavenumber,
kmax, for which the source term, eq. (17), has
maximal power. The same wavenumber determines
where the gradient energy density, ρ∇ , has maxi-
mal power. Since during preheating parametric res-
onance amplifies Bunch-Davies vacuum fluctuations,
we have ρ¯
1/4
g & ρ¯1/4∇,g > kmax/ag. Hence
f0,max . 4× 1010 Hz . (22)
If the bound is saturated, the energy density of the
unstable Bunch-Davies vacuum fluctuations is simi-
lar to the background energy density at the start of
preheating. This renders invalid the semi-classical
picture of quantum field fluctuations on top of a
classical inflaton background and quantum backre-
action has to be considered. Note that this result
can be extended to any preheating scenario involv-
ing inhomogeneous (not necessarily scalar) classical
field configurations, since for relativistic fields the
anisotropic stress is always less than or comparable
to the gradient energy.
Thus, the maximal frequency at which we can re-
liably predict a gravitational wave signal from pre-
heating is ∼ 1010 Hz. If we put aside all theoretical
prejudice regarding the energy scale and dynamics
at the time of preheating, then to completely explore
the frequency range of gravitational waves possible
from preheating, we need a detector with sufficient
sensitivity up to ∼ 1010 Hz. 6
By looking at eq. (21) one can see two compet-
ing effects. For the peak frequency, the first factor
6 We stress that the frequency bound relies on the assump-
tion of standard expansion histories after the generation of
the GWs, i.e., ag = ath or w = 1/3 when ag < a < ath.
If there is a period between the generation of GWs and
thermalization with w 6= 1/3, the frequency bound will re-
ceive a correction factor of (ag/ath)
(1−3w)/4 according to
eq. (20), see Fig. 5. In principle gth should also be con-
sidered as a free parameter. However, since it enters with
a power of 1/12, only very exotic scenarios with a huge
number of degrees of freedom can lead to correction factors
significantly different from 1. That is why we always keep
gth = 10
2.
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FIG. 5. The upper bound on the today fequency of the
maximally energetic GWs from preheating, f0,max = 4×
1010Rth Hz, Rth = (ag/ath)
(1−3w)/4, see eq. (22) and
preceding comments. In this paper we assume Rth = 1.
giving the physical wavenumber at the time of the
generation of the GWs is typically proportional to
the Hubble parameter at that moment
k
ag
≡ β−1Hg . (23)
The earlier the GWs are generated, the smaller the
horizon at that time is and hence the higher the
frequency is.
The energy density in the second factor (ρ¯
−1/4
g )
has the opposite effect. The more efficient the res-
onance is (i.e., the earlier the time of backreaction
is) the greater the mean energy density of the uni-
verse is and hence the lower the frequency is. This
second effect is a manifestation of the redshifting of
the gravitational waves – the earlier in time they
are generated the longer they are redshifted to lower
frequencies.
Overall, the first effect wins, since the Hubble pa-
rameter is proportional to the square root of the
mean energy density. Hence, if we wish to drive
f0,max coming from eq. (21) to small enough values
to be of observational interest for the model under
consideration, we need to consider ‘inefficient’ self-
resonance (i.e., slow particle production, leading to
delay in backreaction and late-time production of
GWs). This can be seen explicitly in the following
expression
f0,max = β
−1
√
Hg√
3mPl
× 4× 1010 Hz . (24)
The typical value of β for self-resonance is 10−2,
hence an energy scale of generation ∼ 103 TeV
(much lower than the typical large scale inflation)
leads to f0,max ∼ 1 Hz.
GW energy density:
We now consider the actual strength of the GW sig-
nal itself. Conventionally, it is characterized by the
ratio of the GW energy density by logarithmic co-
moving momentum interval and the critical energy
density of the universe, today, i.e.,
ΩGW,0h
2
100 =
h2100
ρ¯c,0
dρGW,0
d ln k
. (25)
We are again interested in the value of this quantity
for the peak of the GW background. Since ρGWa
4 =
const, we get
ΩGW,0h
2
100 = ΩGW,g
(
ag
ath
)1−3w
×
(
gth
g0
)−1/3
Ωrel,0h
2
100 .
(26)
where ΩGW,g is the fractional energy density in grav-
itational waves at the time of production. We now
estimate this energy density as follows:
ρGW,g ∼
(
h′ij
ag
)2
m2Pl ∼
(∇hij
ag
)2
m2Pl , (27)
and from the equation of motion for gravitational
waves, eq. (16),
h′′ij
a2g
∼ ∇
2hij
a2g
∼ (∂iφ∂jφ)
TT
m2Pl
. (28)
If a fraction δ∇ of the mean energy density at the
time of GW generation is stored in the form of gradi-
ents (taken as a proxy for the energy density involved
in generating gravitational waves) then
ρGW,g ∼ H2gm2Pl
(
Hg
k/ag
)2
δ2∇ ∼ ρ¯c,gβ2δ2∇ , (29)
implying ΩGW,g ∼ β2δ2∇ . After substituting for it in
eq. (26) we arrive at
ΩGW,0h
2
100 ∼ β2δ2∇
(
ag
ath
)1−3w
×
(
gth
g0
)−1/3
Ωrel,0h
2
100 .
(30)
Plugging in the values of the known parameters and
setting ag ≈ ath, finally yields
ΩGW,0h
2
100 ∼ 10−5β2δ2∇ . (31)
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In the calculations below, we will use δ∇ = 1/3 for
the inhomogeneous scalar field, typically valid at the
time of backreaction of the field.
The typical values of ΩGW,0h
2
100 . 10−10 at the
peak are quite small. Qualitatively, this bound
can be understood from the following reasoning.
The factor of 10−5 in eq. (31) comes from Ωrel,0.
Since gravitational waves redshift as radiation (or
relativistic matter) we expect ΩGW to scale linearly
with Ωrel, which has been decreasing since the
epoch of equality. The additional β suppression is a
consequence of the suppression of GW production
on subhorizon scales sourced by the anisotropic
part of the energy momentum tensor of the scalar
field (see eq. (29)). This last suppression is similar
in nature to the one discussed after eq. (8) for the
scalar metric perturbations.
3. Oscillons & Transients
Oscillons: For the typical lengthscale which first
becomes nonlinear when oscillons form, the param-
eter β is given by (refer to Section III A 2)
β =
Hbrabr
k
∼ HbrR
2pi
∼ M
mPl
. (32)
Assuming that the peak of the GWs is generated
around the time of backreaction of this mode, its
frequency today is
f0 ∼
√
mPl
M
× 108 Hz . (33)
In deriving the above expression we used eq. (24)
and Hbr ∼ Λ2/mpl with Λ2 given by eq. (4).
Similarly, using eq. (31), the expected strength of
the gravitational waves today is
ΩGW,0h
2
100 ∼ 10−6
(
M
mPl
)2
. (34)
Once oscillons have settled, we do not expect sig-
nificant emission of GWs from individual oscillons,
since field profiles of individual objects are spheri-
cally symmetric [59].
We stress that if the universe is not radiation
dominated after the time of production (which is
likely since oscillons lead to a matter-like equation
of state), then there will be additional suppression
factors in the frequency (see eq. (20)) and the
fractional density of the gravitational waves (see eq.
(30)) from oscillons after inflation.
Transients: The formation of transients is very
similar to the one of oscillons. We expect the fre-
quency and the strength of the peak of the GW
power spectrum to be the same as in the oscillon
case, see eqs. (33,34). As the transients decay, those
which evolve in a non-spherical manner may gener-
ate an additional GW signal. Its typical frequency
should be again set by the spatial extend of the indi-
vidual objects, whereas its strength is hard to model
analytically and is best studied numerically.
B. Results from lattice simulations
We employed HLattice [93] for the calculation
of the GWs sourced by the nonlinear field dynam-
ics. For the cases we studied, we used the same
simulation parameters, i.e., box size, lattice points
separation, time step, initial conditions, etc., as for
the LatticeEasy simulations discussed in Section
III B. However, we used a more accurate 6th-order
symplectic integrator for the self-consistent evo-
lution of the scalar field and the scale factor.
We also used the HLattice2 spatial-discretization
scheme (with keff , not kstd) when calculating the
field spatial derivatives. Those improvements in
accuracy were necessary for the computation of
the GWs. To find the GWs, we evolved the tensor
metric perturbations passively, i.e., we solved eq.
(16), without taking into account their feedback
on the field and background metric dynamics. The
time step for the GW integrator was four times
greater than the one for the field and scale factor
evolution.
1. Oscillons
The generated GW power spectrum from the os-
cillon formation for M ≈ 0.775 × 10−2mPl is shown
in Fig. 6. Time runs from red to purple. One can
see four distinct stages [55].
The first 5−6 red peaked curves represent the os-
cillatory stage, during which the condensate is still
intact. A broad range of δφ˜k is steadily excited via
broad resonance, see Section II B, and is responsi-
ble for the generation of the GWs. The frequency
of the curves peak is slightly under 109 Hz, which
corresponds to the predicted order of magnitude in
eq. (33) and is determined by the wavenumber of
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FIG. 6. The gravitational waves generated between
∆N = 0 to 1 (red to purple curves) for the oscillon model
from Fig. 2. The peak of the red curves is close to the
predicted values in eqs. (33) and (34).
the most unstable δφ˜k. The rapid growth of the
peak height reflects the exponential amplification of
the inflaton perturbations. Even at this stage, the
source term in eq. (16) has to be evaluated beyond
linear order in perturbations.
The next 3 − 4 red curves show the onset of the
nonlinear regime. This stage is known as rescatter-
ing, since mode-mode couplings, including the back-
reaction of amplified δφ˜k on the condensate, become
important. The broad peak, centered on the most
unstable frequency, becomes wider. Its height grows
more slowly than before and approaches the pre-
dicted value of ∼ 10−10, see eq. (34), as the field
becomes completely inhomogeneous (with ∼ 1/3 of
the total energy being stored in gradients).
The following thick band of red-green curves rep-
resents the third stage. There the oscillons form and
stabilize, with GWs power increasing slowly on all
scales.
The last and longest stage is given by the green-
purple curves. The oscillons have stabilized and
sphericalized, while being assembled in a fixed co-
moving grid-like configuration. Since there are al-
most no time-dependent quadrupole moments to
act as sources, there is very little and slow pro-
duction of GWs. On intermediate and low fre-
quencies, GW power propagates (almost freely) to-
wards lower frequencies and lower values as time
goes by and the universe expands. This makes
sense since the oscillon-dominated universe under-
goes a matter-like state of expansion, with ρ¯ ∝ a−3.
Since HLattice uses a formula like eq. (21) to cal-
culate the GW frequency today (more specifically,
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FIG. 7. The gravitational waves generated between
∆N = 0 to 0.85 (red to purple curves) for the tran-
sients model from Fig. 3. The peak of the red curves is
close to the predicted values in eqs. (33) and (34), and
almost identical to the one in Fig. 6.
f0(k, τ) = k/(a(τ)ρ¯
1/4(τ))× 4× 1010 Hz, where τ is
the time of output, beyond which it is assumed that
the universe is thermal and radiation dominated),
it follows that f0(k, τ) will decrease with time in
a matter-dominated universe. The energy density
of GWs redshifts as radiation, which explains why
the GWs contribution to the energy budget of the
matter-dominated universe decreases with time. Al-
beit nearly-spherical, individual oscillons do gener-
ate small amounts of GWs. This is visible at the high
frequency end of the GW spectrum. Oscillons act as
objects of fixed physical size, sourcing GWs of fixed
physical wavenumber. For the HLattice conventions
this implies that f0(k, τ)ρ¯
1/4(τ) ∝ k/a(τ) = const,
i.e., the oscillons-sourced GWs are at increasingly
higher f0(k, τ). This small late-time effect has an
intrinsic numerical component. The oscillons are in-
evitably less well resolved as the comoving lattice ex-
pands, sourcing weak late-time high-frequency GWs.
This does not affect the spectrum on intermediate
and low frequencies. For more detailed studies of
GWs from oscillons see [55–61].
2. Transients
Transients decay away quickly, in a non-spherical
manner. Hence, unlike the cases when we have oscil-
lons in which gravitational waves are not generated
after oscillons are formed, the decay of the transients
potentially can act as an additional source of GWs.
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Let us see what the simulations actually tell us. In
Fig. 7 we give the evolution of the GWs power spec-
trum for M ≈ 0.775 × 10−2mPl, n = 2 (the nota-
tion is the same as in Fig. 6). One can distinguish
five different stages. The first three are identical
to the oscillon case: steady generation of GWs due
to self-resonance (peaked around the frequency from
eq. (33)), a stage of rescattering when backreaction
effects become important (with the peak widening
and approaching the value from eq. (34)), and a
stage where the transients form and stabilize and
GWs are produced slowly on all frequencies. How-
ever, the fourth stage (of transients decay) and the
fifth stage (of turbulent evolution) are not observed
with oscillons.
While transients are decaying (green lines in Fig.
7), GWs are generated on high frequencies and
within a broad low-frequency band. Note that the
equation of state at these times is still < 1/3 [32, 33]
and the GWs energy density red-shifts faster than
ρ¯. This additional sourcing of GWs provides some
boost of the signal (by a factor of a few) in compar-
ison to the oscillon case.
After the transients decay, their dynamics is dom-
inated by the potential minimum. We find the same
type of GWs (light blue-purple lines in Fig. 7) as
observed in the pure λφ4 case [38, 63, 64]. There is
no generation of GWs on lower frequencies, whereas
there is some continuous production at higher fre-
quencies.
V. DISCUSSION
A. PBH seeds
The sourced gravitational field by oscillons is
weak. The magnitude of the Newtonian potential on
their surfaces is given in eq. (11). It cannot exceed
10−3, since oscillons cannot form for M & 10−2mPl,
see Refs. [32, 33]. Strong gravitational effects such
as gravitationally induced collapse of individual ob-
jects, which may lead to the formation of primordial
black holes (PBHs), is expected only for large val-
ues of the scalar potential, |Φ| ∼ 1. Since this is not
the case, the self-gravity of individual objects affects
their shapes negligibly.
However, the gravitational potential of an over-
dense region of a collection of oscillons can poten-
tially grow over time. This longterm effect (which
lies well beyond the duration of our simulations) can
potentially lead to the formation of PBHs [42]. Over-
dense clusters of oscillons can in principle collapse
due to their own gravity, however the details would
depend on angular momentum distribution as well
as the details of close interactions. Some of the col-
lapsed cluster objects can become PBHs which can
account for a significant fraction of the dark matter
in our universe and/or the binary black hole merger
events observed in Ligo [39–42, 94]. We note that
this growth of overdensities, at least before close en-
counters of the solitons, is similar in nature to the
one of a massive oscillating and self-gravitating in-
flaton condensate [37].
Unlike oscillons, we do not expect transients to act
as efficient seeds of PBHs for two reasons. Firstly,
transients form when the scalar field potential near
the minimum ∝ |φ|2n, n > 1, implying positive pres-
sure of the effective background fluid, p > 0 [32, 33].
This can lead to a substantial suppression of the
growth rate of overdensities [95] (note for oscillons
p ≈ 0 [32, 33]). Secondly and more importantly, the
transients are quite unstable. It is unlikely that they
can be present for the entire duration of the slow col-
lapse of a cluster of objects. Hence, the PBHs forma-
tion mechanism employed for oscillons simply does
not apply to transients, due to the short livetimes
and positive background pressure of the latter.
Nevertheless, one may wonder whether the inher-
ent instability of the transients (which leads to their
collapse due to their self-interactions) provides an-
other way for forming PBHs. We have checked that
during the collapse of individual objects, the grav-
itational potential does not change much (i.e., its
magnitude never exceeds 10−3 for the optimal choice
of parameters). Just like oscillons, individual tran-
sients cannot collapse into PBHs.
B. Gravitational wave detection
The formation of oscillons leads to the generation
of a stochastic gravitational wave background. In
Fig. 8 we give its power spectrum for three different
values of M in gray, dark gray and black. The gray
curve is from the end of the simulation presented in
Section IV B (for M ≈ 0.775× 10−2mPl). The dark
gray and black curves are for M1 ≈ 2.44× 10−4mPl
and M2 ≈ 6.25 × 10−6mPl, respectively. They were
found after rescaling the gray curve according to
f0 → (f0,max(M1,2)/f0,max(M))f0 and ΩGW,0 →
(f0,max(M)/f0,max(M1,2))
4ΩGW,0. The first rescal-
ing is trivial, whereas the second one comes from
eqs. (33) and (34).
Since the inflaton does not form oscillons when
M & 10−2mPl, see Refs. [32, 33], the gray curve
is close to the lowest in frequency (and the greatest
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in strength) signal that can be achieved within the
allowed parameter space. It has f0,max ∼ 109 Hz as
depicted by the left red dashed vertical line in Fig.
8. The right red dashed vertical line corresponds to
the upper bound given in eq. (22). It is saturated
by M2, see eq. (33).
There is a very narrow frequency range in which
we can detect GWs from inflaton oscillons. It lies
well beyond the reach of planned GW detectors, see
Fig. 8. However, the conclusions drawn so far rely
on two major assumptions: (i) the universe ther-
malises (and becomes radiation dominated) imme-
diately after the generation of GWs, ag = ath, see
eqs. (20) and (26); (ii) the inflaton, not another
spectator scalar field, forms the oscillons.
If we relax (i) (but keep (ii)) and put ag < ath,
as well as w < 1/3 in eqs. (20) and (26), the
GWs signal can be brought to frequencies of obser-
vational interest, see Figs. 5 and 8. Nevertheless,
the strength of the signal will be below the sensitiv-
ity of the planned detectors. On the other hand, if
we relax (ii), while keeping (i), the frequency and
the strength of the signal will be determined by the
generic expressions given in eqs. (24) and (31) (not
in eqs. (33) and (34)). This way the frequency of the
GW signal can be brought down to sufficiently low
values, without penalizing the strength of the sig-
nal, making planned GW detectors the ideal probes
of oscillons [56–61].
Even if the oscillon-sourced GWs elude direct de-
tection, in principle they can still have observa-
tional consequences. Since GWs are massless, they
contribute to the effective number of light degrees
of freedom, ∆Neff , during the epoch of the CMB.
Thereby, they can affect the Big Bang Nucleosyn-
thesis and the cosmic microwave background [96].
More specifically, bounds on Beyond-the-Standard-
Model contributions to ∆Neff constrain the total in-
tegrated GW energy density. If primordial GWs are
the only relativistic degrees of freedom apart from
the Standard Model ones, present constraints yield∫
d ln f ΩGW,0(f) . 10−6 [97]. The upcoming CMB
S4 experiments are expected to improve the thresh-
old by over an order of magnitude [98]. The oscillon-
sourced GWs
∫
d ln f ΩGW,0(f) ∼ 10−9, require an
additional couple of orders of magnitude to become
detectable.7 Note that this measurement is insen-
sitive to the peak frequency and provides a unique
7 On the one hand, this is difficult because it is likely that
there is an interval of matter domination following the
time when gravitational wave from oscillons are produced
(though not true for transients). Alternatively, one can as-
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FIG. 8. The gray, dark gray and black lines show the
variation of the oscillon-sourced GWs power spectra to-
day, scaled according to eqs. (33) and (34). For M
yielding peak frequencies lower than the one of the left
red dashed line, the inflaton does not form oscillons. For
M leading to frequencies greater than the one of the
right red dashed line the consistency of oscillon forma-
tion scenario is ruled out by virtue of the contraint from
eq. (22). The detection ranges of LISA, BBO and Ligo
O5 [94, 100] are given in orange, blue and green, respec-
tively.
window to high-frequency GWs, which are otherwise
inaccessible with current and planned GW detectors.
Despite transients being unstable and decaying
away the same conclusions, regarding the obser-
vations of the stochastic gravitational wave back-
ground they generate, apply to them.
VI. CONCLUSIONS
We studied the scalar and tensor metric pertur-
bations generated by oscillons and transients after
inflation. We evolved the nonlinear inflaton struc-
tures numerically with classical lattice simulations.
We used the simulation output to source the metric
perturbations passively, i.e., without considering the
backreaction of the metric perturbations on the in-
flaton dynamics. However, gravity was included in
the lattice simulations at the background level.
For the magnitude of the scalar metric perturba-
tions we found a parametrized upper bound, see eq.
(13). It is the same for transients and oscillons. For
sume an expansion period with a stiff equation of state,
w > 1/3, [99] between the oscillon decay and thermaliza-
tion, to boost ΩGW,0.
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the optimal choice of parameters, it is ≈ 10−3, im-
plying that both oscillons and transients are weakly
gravitating objects. It is highly unlikely for individ-
ual objects to collapse under their own gravitational
pull and form PBHs.
The spectra of the GWs sourced by oscillons and
transients are quite similar. Albeit the transients
decay generates additional GWs and the subsequent
evolution of the turbulent inflaton leads to even more
GWs, the shapes, the height and the frequency of
the sourced GW power spectrum by oscillons and
transients are almost the same, see Figs. 6 and 7
and eqs. (33) and (34). If the oscillons or the tran-
sients are formed by the inflaton, and we assume that
the universe becomes radiation dominated soon af-
ter soliton formation, the typical GWs frequencies
today are 109 − 1010 Hz. They lie well beyond the
reach of all planned GW detectors. If we postulate a
long period of w < 1/3 state of expansion after the
inflaton fragments into oscillons or transients, the
GWs frequencies can be reduced at the expense of
the strength of the GW signal, still lying outside the
scope of current GW detectors.
As a fiducial model we considered the α-attractor
T-model for which the inflaton potential is symmet-
ric and asymptotes to a constant value away from
the central minimum. Our conclusions should ap-
ply to asymmetric potentials such as the ones in
α-attractor E-models [80, 81] as well as power-law
Monodromy type potentials [101, 102], since the dy-
namics of the oscillons and transients is determined
mainly by the region near the central minimum.8
In future work we plan to consider dynamical
gravitational clustering, as well as self-gravitating
individual objects.
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Appendix A: Poisson Solver
From our simulations we find the energy density
field at each lattice cite, ρx,y,z, which acts as a source
for the gravitational potential in the Poisson equa-
tion (9). To find Φnlx,y,z, we then solve the Poisson
equation with periodic boundary conditions. Since
the Laplacian operator is linear, in (discrete) Fourier
space eq. (9) reduces to a simple algebraic form
Φ˜nlkx,ky,kz =
a2ρ˜kx,ky,kzdx
2
2m2PlD˜(kx, ky, kz)
,
D˜(kx, ky, kz) = −6 + 2
∑
i=x,y,z
cos
(
2pi
N
ki
)
,
(A1)
where each integer Fourier mode wavenumber can be
0 ≤ ki < N (but k2x + k2y + k2z 6= 0), with N3 being
the total number of lattice points in the real-space
cubic lattice. Since we consider linear metric per-
turbations, we assume they have zero spatial mean,
i.e., we put Φ˜nlkx=0,ky=0,kz=0 = 0. The co-moving
distance between neighboring lattice points, dx, is
constant. Note also that as a co-moving (discrete)
real-space Laplacian operator, we use the standard
second-order, O(dx2), accurate expression
∇2Φnlx,y,z =
D[Φnlx,y,z]
dx2
,
D[Φnlx,y,z] = Φ
nl
x+1,y,z + Φ
nl
x−1,y,z
+ Φnlx,y+1,z + Φ
nl
x,y−1,z
+ Φnlx,y,z+1 + Φ
nl
x,y,z−1
− 6Φnlx,y,z .
(A2)
This is consistent with LatticeEasy, since it uses the
same implementation to calculate the Laplacian of
φ.
We can also compute the magnitude of the grav-
itational acceleration, g = |∇Φnl|/a. To calculate
the co-moving gradient we again use a standard fi-
nite difference implementation
∇iΦnlx,y,z =
Gi[Φ
nl
x,y,z]
dx
,
Gx[Φ
nl
x,y,z] = Φ
nl
x,y,z − Φnlx−1,y,z ,
Gy[Φ
nl
x,y,z] = Φ
nl
x,y,z − Φnlx,y−1,z ,
Gz[Φ
nl
x,y,z] = Φ
nl
x,y,z − Φnlx,y,z−1 .
(A3)
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